In typical flat-band models, defined as nearest-neighbor tight-binding models, flat bands are usually pinned to the special energies, such as top or bottom of dispersive bands, or band crossing points. In this paper, we propose a simple method to tune the energy of flat bands without losing the exact flatness of the bands. The main idea is to add farther-neighbor hoppings to the original nearest-neighbor models, in such a way that the transfer integral depends only on the Manhattan distance. We apply this method to several lattice models including two-dimensional kagome lattice and three dimensional pyrochlore lattice, as well as their breathing lattices and non-line graphs. The proposed method will be useful for engineering flat bands to generate desirable properties, such as enhancement of Tc of superconductors and non-trivial topological orders.
I. INTRODUCTION
Diversity of materials may be attributed to the diversity of band structures. Variety of band structures associated with lattice structures and orbital characters is a source of rich phenomena in condensed matter systems, such as spin and orbital magnetism [1] [2] [3] , superconductivity [4] [5] [6] , topological insulators 7, 8 , and topological Dirac/Weyl semimetals 9, 10 .
Among characteristic band structures, a completely dispersionless band, in entire Brillouin zone, is called a flat band. One of the remarkable consequences of this "quench" of kinetic energy is the emergence of ferromagnetic ground state when introducing the Hubbard interactions, and there has been a long history of study in that context [11] [12] [13] [14] [15] [16] [17] [18] [19] . Topological physics in exact and nearly flat-band systems also attracts considerable interests [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . To study such intriguing physics associated with the flat-band systems, number of tightbinding Hamiltonians, which mostly consider the nearestneighbor (NN) hoppings, have been proposed.
Quite recently, the possibility of flat-band-assited superconductivity has been revisited in the correlated electron systems, where the interband scattering between dispersive and flat bands plays an essential role [30] [31] [32] . In particular, this mechanism is thought of as a one of the possible origins of enhancement of T c in a twisted bilayer graphene with so-called "magic angles" [33] [34] [35] [36] [37] [38] [39] . There, it has been pointed out that the preferable band structure for such mechanism is (i) the flat band is located slightly above or below the Fermi level, and (ii) the dispersive band has a large density of states (DOS) nearby the flat band. Therefore, for further development of this mechanism for the high-T c superconductivity, it is desirable to have an engineering method not only to realize flat band but also to tune its energy.
In the present paper, we propose a simple guiding principle to tune the energy of flat bands. It may sound surprising, since a flat band is extremely fragile; Infinitesimal amount of perturbation is enough to destroy its flatness. Nevertheless, we will show that it is possible to systematically control its energy while keeping its exact flatness.
The main idea is to add farther-neighbor hoppings to the usual NN models with flat band(s), in such a way that the transfer integrals depend only on the Manhattan distance. After this modulation, the resulting Hamiltonian is expressed by the polynomial of the original NN Hamiltonian. As a result, the eigenfunctions remain exactly the same as the original ones and only the dispersion relations and the flat-band energy are modulated. Our method, due to its simplicity, has two prominent advantages: (i) the flat bands retain exact flatness after the modulation of the Hamiltonian, and (ii) we only need a few parameters to control a flat-band energy.
The rest of this paper is organized as follows. In Sec. II, we explain the basic mechanism of our method. Then, in Sec. III, we apply this method to the line graphs in two-and three-dimensions, where the existence of flat band(s) in the NN hopping models is guaranteed 12 . In Sec. IV we apply this method with slight modifications to the breathing lattices and a class of Lieb lattices, which have the site/bond inhomogeneity. Finally, our conclusion is presented in Sec. V. Some analytical formulas for the dispersions relations are shown in the Appendix.
II. FORMULATION
In this section, we outline our method to tune the flat band energy, and clarify the condition for this method to work. We consider a tight-binding Hamiltonian for spinless fermions with NN hoppings: throughout this paper, h denotes dimensionless matrices in either real or momentum spaces. Their eigenvalues are denoted by λ, while energy eigenvalues of Hamiltonians are denoted by ε.
Suppose that the model is defined on a lattice with the number of sublattices N sub , and that all sublattices have the same coordination number z. We label sites as i = (n, α) where n denotes a label of a unit cell and α labels sublattice. By performing the Fourier transformation, we obtain
where c k,α = n c n,α e −ik·(Rn+rα) ; R n is the position of the unit cell and r α is the position of the sublattice α inside the unit cell.
Let us assume that h 1 (k) has N f (< N sub ) flat bands and N sub − N f dispersive bands. We label wavefunctions of flat [dispersive] bands at each k as ψ
The corresponding eigenvalue equations are written as
and
Under this setup, we now introduce our main idea for tuning the flat-band energy, that is, we utilize the fact that if ψ(k) is an eigenfunction of h 1 (k), so it is of [h 1 (k)] m for m being arbitrary positive integer. More generally, ψ(k) is an eigenfunction for any polynomial of h 1 (k). For instance, if we consider a generic quadratic form of h 1 (k) with real coefficients a, b and c, one obtains the eigenvalue equations as
whereÎ N sub denotes N sub × N sub identity matrix. Then, the new eigenvalues a(λ p ) 2 + bλ p + c and a[λ q (k)] 2 + b[λ q (k)] + c can intersect on some lines/surfaces in the Brillouin zone, even if the original eigenvalues, λ p and λ q (k), do not.
How can we implement a polynomial of h 1 (k) in the tight-binding models? To see this, let us come back to the real-space representation, in which the square and the higher powers ofĥ 1 have a simple interpretation. [ĥ
] kj is finite, only if there is a site k neighboring both site i and j, i.e., if the site j can be reached from the site i by two successive NN hoppings. Generalizing it, the m-th power ofĥ 1 ,ĥ A Manhattan distance between two sites, say i and j, is defined as minimum number of NN bonds one has to go through when moving from i to j along the bonds. For instance, if the Manhattan distance between i and j is two, it means that there exists a site k such that both i and j are connected to k and j is not the NN of i [ Fig.  1(a) ].
At first sight, the above argument impliesĥ ] i,j = x where x is a number of sites neighboring both i and j. However, we have to keep in mind that, if you move twice along NN bonds, there are two other possibilities, other than reaching a site of two Manhattan distance away. The first possibility is coming back to the original site, which occurs when going through the same bond twice [ Fig. 1(b) ]. The second possibility is reaching the NN site [ Fig. 1(c) ]. Let us assume that, for every NN pair, say i and j, there are y distinct paths going from i to j with passing two NN bonds. In other words, there exist sites 1 , · · · y = i, j, such that i, n ∈ NN and j, n ∈ NN for n = 1, · · · y.
Under this assumption, we obtain the incident matrix for a Manhattan distance two as
where δ i,j is the Kronecker delta. Alternatively, in the momentum space representation, we obtain
where h 2 (k) is a (dimensionless) hopping matrix for "second-neighbor" hoppings. Therefore, if we introduce the second-neighbor hoppings with a transfer integral t 2 , we obtain the quadratic form of h 1 (k) as
Consequently, the eigenenergies of this Hamiltonian are
x . In the next two sections, we demonstrate how this idea works through the analyses of specific models. We will first show canonical examples in kagome and pyrochlore models in Sec. III. In these lattices, aforementioned lattice parameters, e.g. x, y and z, are sublatticeindependent, thus these lattices are "homogeneous". In Sec. IV, we will discuss the applications to breathing lattices and a class of Lieb lattices, in which existence of inequivalent sites/bonds modifies the simple polynomial expression mentioned above.
Before closing this section, we remark that higherorder polynomials of h 1 (k) can be obtained by introducing the "farther-neighbor" Manhattan-distancedependent hoppings. However, in light of material realization, short-ranged hoppings are favorable. Moreover, remarkable tunability of band structure is available, even within the model with second Manhattan distance, as we will show below.
III. CANONICAL EXAMPLES: KAGOME AND PYROCHOLORE LATTICES
We apply the idea we discussed in the previous section to the kagome and pyrochlore lattices, which are the textbook examples of flat-band models. In the previous study, the authors investigated the band structures on these models in the context of magnetic mode analysis 40 . In this paper, we discuss their band structures, focusing on the quantities relevant to electronic systems, such as the DOS.
A. Kagome lattice
We first show the results for a kagome lattice. We take the lattice vectors as a
and the sublattices' coordinates as r
, 0 . Then, the NN hopping matrix in the momentum space is given by
with h (K,1) 12 . Due to the nature of a line graph, h
The other two bands are dispersive and their dispersion relations are given as 
The corresponding eigenfunctions are given by
where
, and
are the phase factors arising from the geometry of the lattice. We show the band structure of the NN Hamiltonian with Fig 2(b) . Now, let us tune the flat-band energy. To this end, we introduce the second-neighbor hoppings:
, and h
. Constructed as such, h
1 (k), as we have seen in the previous section. Indeed, one can show that h (K) 2 (k) can be written by using h
since (x, y, z) = (1, 1, 4) for a kagome lattice. Then, let us consider the Hamiltonian
The band dispersion of H (K) is obtained by using Eq. (18) as
Notice that, although the flat and dispersive bands touch at t 2 = 0 41 , the intersection among these band does not occur as soon as finite t 2 is introduced. Indeed, in the previous study, the authors have shown that this occurs when t 1 and t 2 have the same sign and they satisfy |t 2 | > |t 1 |/5
40 . The intersection of bands leads to the divergence of partial DOS contributed from dispersive bands. As the introduction of t 2 , the partial DOS, ρ 0 q (ε), contributed from the original dispersive bands, λ
As an example of the band intersection, we plot a band structure for (t 1 , t 2 ) = (−1, −0.3) in Fig. 2(c) . We also show the DOS, ρ(ω) for the same parameter in Fig. 2(e) . Here the DOS is computed numerically as
where n is the label of bands, ∆ω is a unit of discretized energy set as 0.08, N m is a number of mesh in the momentum space set as N m = 200 × 200, and Θ (x) is a Heaviside step function. We see that, other than the contribution from the flat band, there is large DOS at the band top. This is due to the fact that the band maxima form a line in the twodimensional Brillouin zone, rather than discrete points, meaning that it has a sub-extensive degeneracy 40 . This causes the divergence of the DOS at the band top. In fact, from the relation between the original and modified dispersive bands, our method generally leads to the d − 1 dimensional degenerate surface at the band top, giving rise to the strongly divergent DOS proportional to ε −1/2 , irrespective of the system dimension, d. Since the flat band is relatively close to the band top, the obtained band structure is potentially suitable for obtaining high-T c superconductivity due to the interband scattering.
For comparison, we also show the results for (t 1 , t 2 ) = (−1, −0.7) in Figs. 2(d) and 2(f). Although the penetration of flat band occurs as well, the DOS of dispersive band is more or less small near the flat band. This is due to the fact that the flat-band energy is far away form the band top, where upper dispersive band has a large DOS.
B. Pyrochlore lattice
We can apply the same method to a pyrochlore lattice. The lattice vectors are a = −2, and the other two eigenvalues are
with
As we did for kagome, we introduce the secondneighbor hoppings as
with h Since the lattice parameters are given as (x, y, z) = (1, 2, 6), h 2 (k) satisfies
Now let us consider the Hamiltonian
Then, if t 1 and t 2 have the same sign and |t 2 |/|t 1 | > 1/6, the flat bands penetrate the dispersive band 40 . We show the band structure and DOS for (t 1 , t 2 ) = (−1, −0.25) in Figs. 3(c) and 3(d) , respectively. Here we use 32 × 32 × 32 meshes in the Brillouin zone for the summation over k. Again, the upper dispersive band has relatively large DOS near the band top, which is penetrated by the flat band. 
IV. EXTENSIONS TO INHOMOGENEOUS MODELS
Our method is also applicable to the models with site/bond inequivalency. We first consider "breathing" lattices of kagome and pyrochlore, where the bond inhomogeneity is introduced to the original kagome/pyrochlore lattices. These lattices are recently of interests particularly in the contest of higher-order topological insulators [42] [43] [44] [45] [46] , as well as frustrated magnetism [47] [48] [49] [50] [51] [52] . We also consider non-line-graph lattices, such as a Lieb lattice 11 and a dice lattice 53 , as examples of site-inhomogeneous lattices.
A. Breathing kagome and prochlore lattices
In the breathing kagome (pyrochlore) lattice, the transfer integrals are modulated from the original models in such a way that the transfer integral on upward triangles (tetrahedra), t U 1 , is not equal to that on downward ones, t D 1 . Our method works even in breathing lattices despite the presence of bond inequivalency, because, the eigenfunctions for a flat band does not change even if we introduce the breathing-type modulation 42 . At the NN model, the "position" of flat band(s) is sensitive to the relative sign between t When we introduce the second-neighbor hoppings, the flat-band penetration occurs in both cases for sufficiently large |t 2 |, but in a quite different manner.
First, let us see the case where both t Next, we consider the case of opposite sign, in particular, the case with t U 1 = −1 and t D 1 = 1. In the absence of t 2 (< 0), the flat band intersects the line node of the dispersive band at Γ point 52 . This line node reminds us of a Dirac cone, however, the structure of the eigenfunction comprising this line node structure is rather close to the bosonic magnon mode associated with antiferromagnetic ordering, i.e., it is a fermionic realization of Goldstone mode 52 . When we introduce small but finite t 2 , we first see that the line node is gapped out, and the flat band stays touched with the upper dispersive band at Γ point [ Fig. 4(d) for a breathing kagome, and Fig. 5(d) for a breathing pyrochlore]. As increasing |t 2 |, we see that the flat band penetrates the lower dispersive band, with retaining a band-touching point with the upper dispersive band [ Fig. 4 (e) for a breathing kagome, and Fig. 5 (e) for a breathing pyrochlore].
The evolution of the aforementioned band structures is tracked by the analytical formulae of the dispersion relations given in the Appendix.
B. Lieb lattice
In the following two subsections, we consider a class of Lieb lattices, as examples of site-inhomogeneous lattices. We first study a (conventional) Lieb lattice 11 . We take the lattice vectors as a
= (0, 1), and the coordinates of the sublattices are r
= (0, 0). The lattice has a sitedependent coordination numbers as z 1 = z 2 = 2 and z 3 = 4. (z α is the coordination number of the sublattice α.) Notice that x and y are not sublattice-dependent, and are equal to one and zero, respectively.
We explicitly show that we can tune the flat-band energy even on this lattice. To begin with, we consider the 
NN Hamiltonian given by
with h 13 (k) = 2 cos 
with N (L) (k) = cos 2 kx 2 + cos 2 ky 2 . The other two eigenvalues are given by
thus they form a Dirac cone at M point, where they have a point contact with the flat band. Let us introduce the second-neighbor hopping, as
with h (L,2)
33 (k) = 2(cos k x + cos k y ). It is interesting to notice that, the block matrix for sublattice 1 and 2 is identical with the NN hopping matrix on a checkerboard lattice, which is a line graph. This indicates that there exists a flat mode of h (L) 2 (k), which is, as we will see, identical with ψ (L,f) (k) in Eq. (33) .
which reflects the fact that sublattice 3 has larger coordination number than the other two sublattices. Nevertheless, the eigenvector of flat mode of h
is also an eigenvector of h
2 (k) with eigenvalue −2, since it does not have a weight on sublattice 3. Note that ψ
(k) are no longer eigenvectors after introducing the second-neighbor hopping.
We show the band structures for several values of t 1 and t 2 in Fig. 6 . The analytical formula of the dispersion relations is presented in the Appendix. As is in the case of kagome and pyrochlore lattices, the band crossing does not occur for arbitrary t 2 . Indeed, for |t 2 | ≤ , the upper dispersive band intersects the flat band [ Fig. 6(e) ].
C. Dice lattice
We next study a dice lattice 53 , which has a trigonal symmetry. The lattice is constructed such that we add sites at the centers of hexagonal plaquettes on a honeycomb lattice; each newly-added site has a finite hopping integral between only one of the two sublattices of an original honeycomb lattice, (say, 2). Due to this choice of NN hopping, the coordination numbers differ from one sublattice to the others as z 1 = z 3 = 3, and z 2 = 6. Further, x is also sublattice-dependent, as x 11 = x 33 = x 13 = 1, and x 22 = 2. (x αβ is a number of the second-neighbor-hopping paths between sublattices α and β.)
We take the lattice vectors as a
2 , and the coordinates of the sublattices as r
= (1, 0). Then, the NN hopping matrix on this lattice is given as ).
with h (D,1) 12
1 (k) has a flat eigenvalue λ (D,f) = 0, and the corresponding eigenfunction is
which does not have a weight on sublattice 2. The other two bands are dispersive and given as,
(41) As is in the case of Lieb lattice, they form a Dirac cone, where they touch the flat band. Now let us introduce the second-neighbor hoppings. On this lattice, one needs a trick to obtain a desirable Hamiltonian, that is, the second-neighbor hopping between neighboring sublattice 2 is twice as large as other second-neighbor hopping. This reflects the inhomogeneity of x. As a result, the second-neighbor hopping matrix we consider is given by
where h (D,2) 11
. This satisfies the relation
Again, since the eigenvector of the flat-band does not have a weight at sublattice 2, it is also an eigenvector of h
2 (k) with the eigenvalue −3. We plot the band structures for several values of (t 1 , t 2 ) in Fig. 7 . The analytical formula of the dispersion relations is presented in the Appendix. As is in the previous examples, there is a critical value of |t 2 |/|t 1 | above which the band crossing between flat and dispersive band occurs. To be specific, the band crossing occurs for
[see Fig. 7 (e)].
V. CONCLUSION
We have introduced a simple idea to tune the flat band energy by using farther-neighbor hoppings whose amplitude is dependent on the Manhattan distance, instead of the real distance. Mathematically, this idea is based on the fact that, for a given matrix, polynomials of that matrix have the same eigenvectors as the original one and its eigenvalues are given by the polynomial of the original ones. The merit of this method is that we do not need to fine-tune many parameters to obtain the suitable band structure, and that flat bands do not acquire a dispersion by the deformation of Hamiltonian. We have also demonstrated that the proposed method is applicable to various lattices, including kagome and pyrochlore lattices, their breathing lattices, and a class of Lieb lattices. We expect that this method has broad potential applications to design suitable flat-band models, and studying the intriguing properties of those models, such as correlation effects, superconductivity, and topological physics, will be an interesting future problem. 
To solve this, we define a two-component vector φ(k) such that
Then, by multiplyingT (k) from left to Eq. (A4), we obtain an eigenvalue equation for φ(k) as
Note thatT (k)T † (k) is a 2 × 2 matrix which is given as
To obtain (A7), we use the fact that e 2iϕ1(k) + e 2iϕ2(k) + e 2iϕ3(k) = F (H) (k). From(A7), we see that the eigenvalue of the original problem, ε (BK) (k), can be obtained by solving an eigenvalue equation of the 2 × 2 matrix. By doing this, we finally obtain the dispersion relations as
Breathing pyrochlore lattice
We can apply the same method to the breathing pyrochlore lattice with t 2 . Here we show the resulting eigenvalues of dispersive bands:
with being the Fourier transformation of the NN hoppings on the dual diamond lattice.
